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We propose an improved quark coalescence model for spin alignment of vector mesons and polar-
ization of baryons by spin density matrix with phase space dependence. The spin density matrix
is defined through Wigner functions. Within the model we propose an understanding of spin align-
ments of vector mesons φ and K∗0 (including K∗0) in the static limit: a large positive deviation of
ρ00 for φ mesons from 1/3 may come from the electric part of the vector φ field, while a negative
deviation of ρ00 for K∗0 may come from the electric part of vorticity tensor fields. Such a negative
contribution to ρ00 for K∗0 mesons, in comparison with the same contribution to ρ00 for φ mesons
which is less important, is amplified by a factor of the mass ratio of strange to light quark times
the ratio of
〈
p2b
〉
on the wave function of K∗0 to φ (pb is the relative momentum of two constituent
quarks of K∗0 and φ). These results should be tested by a detailed and comprehensive simulation
of vorticity tensor fields and vector meson fields in heavy ion collisions.
I. INTRODUCTION
The Barnett effect [1] and the Einstein-de Haas effect [2] are two well-known effects in materials to connect rotation
and spin polarization which can be converted from one to another. Similar effects also exist in ultra-relativistic heavy-
ion collisions (HIC), in which a huge orbital angular momentum (OAM) can be generated in the direction perpendicular
to the reaction plane and is transferred to the hot and dense medium in the form of the global polarization of hadrons
[3–8] (see, e.g. [9–12], for recent reviews). In microscopic scenarios the transfer of OAM to spin polarization of hadrons
is through the spin-orbit coupling in particle scatterings [3, 8, 13, 14], while in macroscopic approaches it is through
the spin-vorticity coupling in the fluid [15–20]. The global polarization can be measured through the the polarization
of hyperons such as Λ (including Λ¯ hereafter) since they have weak decay channels [3]. The STAR collaboration has
recently measured a non-vanishing global polarization of Λ hyperons in Au+Au collisions at
√
sNN = 7.7− 200 GeV
[21, 22].
In principle vector mesons can also be polarized in heavy ion collisions, but the polarization of vector mesons cannot
be measured since they mainly decay through strong interaction. Instead, ρ00, the 00-element of the vector meson’s
spin density matrix, can be meaured through the angular distribution of its decay daughters [4, 23]. If ρ00 6= 1/3, the
distribution is anisotropic and the spin of the vector meson is aligned to the spin quantization direction. In 2008, the
STAR collaboration measured ρ00 for the vector meson φ(1020) in Au+Au collisions at 200 GeV, but the result is
consistent to 1/3, indicating no spin alignment within errors [24]. Recent preliminary data of STAR for the φ meson’s
ρ00 (denoted as ρ
φ
00 hereafter) at lower energies show a significant positive deviation from 1/3, which is beyond
conventional understanding of the polarization [25]. In Ref. [26], some of us proposed that such a large positive
deviation of ρφ00 from 1/3 may possibly be explained by the φ field. In such a proposal [26], a quark coalescence
model is employed which is based on spin density operators in momentum space [23]. As the quark polarization
comes mainly from vorticity and vector meson fields which are functions of space-time, the space dependence of the
quark polarization in Ref. [26] is put in a phenomenological way. The purpose of this paper is to improve the quark
coalescence model of Ref. [23] by defining and using spin density operators in phase space with the help of spin
Wigner functions. In such an improved quark coalescence model, the quark polarization as a function of space-time
can be treated in a rigorous and systematic way. So one can then naturally describe spin alignments of vector mesons
such as φ and K∗0 (including K
∗0
if not stated explicitly) as functions of space-time. It is expected to implement the
improved coalescence model in real time simulations and to provide insights in spin alignments of vector mesons.
The paper is organized as follows. In Sect. II, we formulate the improved coalescence model through the spin
density matrix in phase space with coordinate dependence. In Sect. III, we give spin polarization of quarks in phase
space from vorticity and vector meson fields. In Sect. IV, we analyze global and local polarization of Λ (including
Λ¯ if not stated explicitly) using the improved coalescence model. In Sect. V, using the improved coalescence model
we formulate spin alignments of vector mesons φ and K∗0. In Sect. VI, we solve the Klein-Gordon equation to give
vector meson fields generated by point charge sources. Finally we make a summary of the results.
Notations and conventions. We adopt the sign convention for the metric tensor gµν = (1,−1,−1,−1). A four-
vector is represented by Greek indices, e.g, xµ or pµ with µ = 0, 1, 2, 3. A three-vector is represented in a boldfaced
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2symbol, e.g., x or p. The components of a three-vector is represented by the Latin index, but we do not distinguish
the superscript and subscript, for example, we do not distinguish xi and xi with i = 1, 2, 3. We use the shorthand
notation [d3p] ≡ d3p/(2pi)3.
II. SPIN DENSITY MATRIX AND QUARK COALESCENCE MODEL IN PHASE SPACE
In Ref. [23], a quark coalescence model is constructed based on the spin density matrix in momentum representation.
In order to describe space-time dependence of spin polarization, we need to formulate an improved coalescence model
through the spin density matrix in phase space with coordinate dependence. We work at the formation time t of a
hadron, for simplicity of notation, throughout the paper we suppress the time dependence of all quantities unless it
is necessary to show it explicitly.
In momentum representation, the spin density operator for single particle states is defined as [23]
ρ =
1
Ω
∑
s
∫
[d3p]w(s,p) |s,p〉 〈s,p| , (2.1)
where w(s,p) is the weight function corresponding to the particle state with spin s and momentum p, Ω is the
space volume, and the spin-momentum state |s,p〉 is the direct product of the spin state and the momentum state,
|s,p〉 ≡ |s〉 |p〉. The weight function is given by
w(s,p) = 〈s,p| ρ |s,p〉 , (2.2)
which satisfies the normalization condition Trρ = 1 equivalent to∑
s
∫
[d3p]w(s,p) = 1. (2.3)
The definition and convention of single particle states in non-relativistic quantum mechanics are given in Appendix
A.
For the quark and antiquark with spin 1/2, the weight functions have the form
w(q | s,p) = 1
2
fq(p) [1 + sPq(p)] ,
w(q¯ | s,p) = 1
2
fq¯(p) [1 + sPq¯(p)] , (2.4)
where s = ± label two spin states with sz = ±1/2 in the spin quantization direction z, and fq/q¯(p) and Pq/q¯(p) denote
the distribution and polarization of the quark/antiquark respectively. Here the quark polarization is normalized to 1
and given by
Pq(p) =
w(q | +,p)− w(q | −,p)
w(q | +,p) + w(q | −,p) . (2.5)
The polarization for antiquark Pq¯(p) has the same form as above. We note that generally the weight functions (2.4)
are 2×2 matrices in spin space. Throughout this paper we assume that they are diagonalized in the spin quantization
direction.
Now we generalize (2.1) by introducing the space variable into the density operator as
ρ =
∑
s
∫
d3x
∫
[d3p]w(s,x,p)
∫
[d3q]e−iq·x
∣∣∣s,p+ q
2
〉〈
s,p− q
2
∣∣∣ . (2.6)
We see that the momenta of state bases differ by q with x being its conjugate position. The weight function w(s,x,p)
is actually the Wigner function which can be obtained by projecting the above density operator onto two states with
the same spin and different momenta
w(s,x,p) =
∫
[d3q]eiq·x
〈
s,p+
q
2
|ρ| s,p− q
2
〉
. (2.7)
3By an integration over x for w(s,x,p) one can recover the weight function (2.2), therefore the normalization condition
for w(s,x,p) reads ∑
s
∫
d3x
∫
[d3p]w(s,x,p) = 1. (2.8)
From above condition one can see that w(s,x,p) is dimensionless. For the quark and antiquark, with new weight
functions w(q/q¯ | s,x,p) we have similar formula to Eqs. (2.4,2.5) with the distribution fq/q¯(x,p) and polarization
Pq/q¯(x,p) as functions in phase space.
A. Mesons
To describe the formation of mesons from a quark and an antiquark, we define the spin density operator for a
quark-antiquark pair
ρqq¯ =
∑
s1,s2
∑
q1,q¯2
∫
d3x1d
3x2
∫
d3p1
(2pi)3
d3p2
(2pi)3
∫
d3q1
(2pi)3
d3q2
(2pi)3
×w(q1|s1,x1,p1)w(q¯2|s2,x2,p2)e−iq1·x1e−iq2·x2
×
∣∣∣q1, q¯2; s1, s2; p1 + q1
2
,p2 +
q2
2
〉
×
〈
q1, q¯2; s1, s2; p1 − q1
2
,p2 − q2
2
∣∣∣ , (2.9)
where q1 =u,d,s and q¯2 = u¯, d¯, s¯ denote the quark and antiquark respectively, the sum over quark and antiquark
flavors have been taken, the quark-antiquark state is the direct product of the quark state and the antiquark state∣∣∣q1, q¯2; s1, s2; p1 + q1
2
,p2 +
q2
2
〉
=
∣∣∣q1, s1,p1 + q1
2
〉 ∣∣∣q¯2, s2,p2 + q2
2
〉
= |q1, q¯2〉 |s1, s2〉
∣∣∣p1 + q1
2
,p2 +
q2
2
〉
, (2.10)
where |q1, q¯2〉 = |q1〉 |q¯2〉 is the flavor state for the quark-antiquark pair, and s1, s2 = ±1/2 denote spins of the quark
and the antiquark in the quantization direction. All quantities with index ’1’ and ’2’ in (2.9) and (2.10) are those of
the quark and antiquark respectively. The Wigner functions have similar forms to (2.4),
w(q | s,x,p) = 1
2
fq(x,p) [1 + sPq(x,p)] ,
w(q¯ | s,x,p) = 1
2
fq¯(x,p) [1 + sPq¯(x,p)] . (2.11)
The polarization Pq/q¯(x,p) can be determined from the Wigner function w(q/q¯ | s,x,p) in a similar way to (2.5).
Note that we do not include color wave functions for hadrons since they are totally decoupled from other parts of
wave functions. As we have mentioned that the spin Wigner functions in (2.11) are generally 2 × 2 matrices in spin
space, but throughout the paper we assume that they are diagonalized in the spin quantization direction.
To obtain spin density matrix elements of mesons, we put ρqq¯ between two meson states
ρMSz1,Sz2(x,p) =
∫
[d3q]eiq·x
〈
M;S, Sz1;p+
q
2
∣∣∣ ρqq¯ ∣∣∣M;S, Sz2;p− q
2
〉
, (2.12)
where M labels the flavor state of the meson, S and Sz denote spin states which are the total spin and spin in a
quantization direction (chosen to be +z or any direction) respectively, and p+q/2 and p−q/2 label two momentum
states. The details of the evaluation of (2.12) are given in Appendix B. The result is
ρMSz1,Sz2(x,p) =
∫
d3xb[d
3pb][d
3qb]
× exp (−iqb · xb)ϕ∗M
(
pb +
qb
2
)
ϕM
(
pb − qb
2
)
×
∑
s1,s2
w
(
q1
∣∣∣s1,x+ xb
2
,
p
2
+ pb
)
w
(
q¯2
∣∣∣s2,x− xb
2
,
p
2
− pb
)
×〈S, Sz1 | s1, s2〉 〈s1, s2 | S, Sz2〉 , (2.13)
4Figure 1: Quark positions and momenta inside a meson in its rest frame.
where ϕM is the meson wave function in relative momentum between the quark and the antiquark, and xb, pb and
qb are relative position and momenta which are related to positions and momenta of the quark and the antiquark in
(B4). Equation (2.13) is one of the main results in this paper.
For convenience of notation, hereafter we use x1 = x + xb/2, p1 = p/2 + pb, x2 = x − xb/2, and p2 = p/2 − pb,
see Fig. 1 for illustration. These relations can be obtained from (B4) by setting xa = x and pa = p.
A simple choice of the meson wave function ϕM (k) is the Gaussian distribution [27, 28]
ϕM (k) =
(
2
√
pi
aM
)3/2
exp
(
− k
2
2a2M
)
, (2.14)
where aM is the momentum width parameter of the meson. If we use the above Gaussian form of the wave function
we can complete the integral over qb in (2.13) to obtain the most simple form
ρMSz1,Sz2(x,p) =
1
pi3
∫
d3xbd
3pb exp
(
− p
2
b
a2M
− a2Mx2b
)
×
∑
s1,s2
w (q1 |s1,x1,p1 )w (q¯2 |s2,x2,p2 )
×〈S, Sz1 | s1, s2〉 〈s1, s2 | S, Sz2〉 . (2.15)
We see that the Gaussian wave packet form appears in the integral which depends on the relative position and relative
momentum between the quark and the antiquark.
Now we apply (2.15) to the vector meson φ with S = 1 and Sz = −1, 0, 1. The diagonal elements of the spin density
matrix for φ mesons are given in Eq. (B5). With spin Wigner functions (2.11), the normalization condition (2.8)
reads ∫
d3x
∫
[d3p]fq/q¯(x,p) = 1. (2.16)
Since we are concerned mainly with polarization functions that are small Pq/q¯(x,p)  1, without loss of generality,
we can assume fq(x,p) = fq and fq¯(x,p) = fq¯ are constants. Under these assumptions, with (B5) we obtain
ρ¯φ00 =
ρφ00(x,p)
ρφ00(x,p) + ρ
φ
11(x,p) + ρ
φ
−1,−1(x,p)
≈ 1
3
− 4
9
〈Ps (x1,p1)Ps¯ (x2,p2)〉φ , (2.17)
where the average 〈· · · 〉M is taken on the meson wave packet
〈· · · 〉M ≡
1
pi3
∫
d3xbd
3pb exp
(
− p
2
b
a2M
− a2Mx2b
)
(· · · ). (2.18)
5If Ps/s¯ are independent of positions, we can recover the result of Ref. [23]. In the remainder of this paper we will
reuse ρM00 to denote the normalized ρ¯M00 for simplicity of notation.
In the same way, we can also obtain the normalized ρ00 for the vector meson K∗0 with the flavor content (ds¯)
ρK
∗
00 ≈
1
3
− 4
9
〈Pd (x1,p1)Ps¯ (x2,p2)〉K∗ . (2.19)
The result for K
∗0
with the flavor content (sd¯) can be obtained similarly.
B. Baryons
In this subsection we will derive the spin density matrix for baryons in phase space. The starting point is the spin
density operator for three quarks. The spin, flavor and momentum part of the wave function for three quarks is the
direct product of that for each single quark,
|q1, q2, q3; s1, s2, s3;p1,p2,p3〉 ≡ |q1, s1,p1〉 |q2, s2,p2〉 |q3, s3,p3〉
= |q1, q2, q3; s1, s2, s3〉 |p1,p2,p3〉 , (2.20)
where s1,2,3 = ±1/2 denote spins in the quantization direction and q1,2,3 = u,d, s denote the spin states in the z-
direction and quark flavors respectively. The second equality implies that the spin and flavor part of the wave function
for three quarks is independent of the momentum part. The spin density operator for three quarks has the form
ρqqq =
∑
s1,s2,s3
∑
q1,q2,q3
∫ 3∏
i=1
d3xi
3∏
i=1
[d3pi]
3∏
i=1
[d3qi]
×
3∏
i=1
w(qi|si,xi,pi)e−iqi·xi
×
∣∣∣q1, q2, q3; s1, s2, s3;p1 + q1
2
,p2 +
q2
2
,p3 +
q3
2
〉
×
〈
q1, q2, q3; s1, s2, s3;p1 − q1
2
,p2 − q2
2
,p3 − q3
2
∣∣∣ . (2.21)
The spin density matrix element for baryons with spin S is given by acting ρqqq on two baryon states
ρBSz1,Sz2(x,p) =
∫
[d3q]eiq·x
〈
B;S, Sz1;p+
q
2
∣∣∣ ρqqq ∣∣∣B;S, Sz2;p− q
2
〉
. (2.22)
For ground state (spin-1/2 octet and spin-3/2 decuplet) baryons, the spin-flavor part of the wave function is
decoupled from the momentum or spatial part, but for excited states of baryons, they are generally entangled. In
this paper we only consider ground state baryons so the momentum or spatial part of the baryon wave function is
disentangled from the spin-flavor part. Using the Gaussian form of the baryon momentum wave function, we obtain
ρBSz1,Sz2(x,p) =
1
pi6
∫
d3xbd
3xcd
3pbd
3pc
× exp
(
− p
2
b
a2B1
− p
2
c
a2B2
− a2B1x2b − a2B2x2c
)
×
∑
s1,s2,s3
∑
q1,q2,q3
×w (q1 |s1,x1,p1 )w (q2 |s2,x2,p2 )w (q3 |s3,x3,p3 )
×〈B;S, Sz1 |q1, q2, q3; s1, s2, s3〉
× 〈q1, q2, q3; s1, s2, s3| B;S, Sz2〉 , (2.23)
where pi and xi (i = 1, 2, 3) are expressed in terms of Jacobi variables pj and xj (j = a, b, c) defined in Eq. (C3) and
(C6) respectively and finally by setting xa = x and pa = p, see Fig. 1 for illustration of positions of three quarks
inside a baryon. The detailed derivation of (2.23) is given in Appendix C. We see that the wave packet form of the
baryon emerges as a function of relative coordinates and relative momenta of three quarks.
6Figure 2: Positions of three quarks inside a baryon. The momenta conjugate to Jocobi cooridinates xa = x, xb and xc are pa,
pb and pc respectively, see Eq. (C3) and (C6).
As an example, we can apply (2.23) to the octet baryon Λ with its SU(6) spin-flavor wave function. The spin-flavor
wave function of Λ tells that its spin in the quantization direction is carried by the s-quark while spins of u- and
d-quark cancel. Similar to mesons, we also assume the polarization is small, Pq/q¯(x,p)  1 and fq(x,p) = fq and
fq¯(x,p) = fq¯ are constants. The result for the diagonal element of the spin density matrix ρΛ++ ≡ ρΛ1
2 ,
1
2
is then
ρΛ++(x,p) =
1
24pi6
fufd
∫
d3xbd
3xcd
3pbd
3pc
× exp
(
− p
2
b
a2Λ1
− p
2
c
a2Λ2
− a2Λ1x2b − a2Λ2x2c
)
×{w (s |+,x1,p1 ) [2− Pu(x2,p2)Pd(x3,p3)− Pu(x3,p3)Pd(x2,p2)]
+w (s |+,x2,p2 ) [2− Pu(x3,p3)Pd(x1,p1)− Pu(x1,p1)Pd(x3,p3)]
+ w (s |+,x3,p3 ) [2− Pu(x1,p1)Pd(x2,p2)− Pu(x2,p2)Pd(x1,p1)]} . (2.24)
Another diagonal element ρΛ−− ≡ ρΛ− 12 ,− 12 can be obtained from ρ
Λ
++ ≡ ρΛ1
2 ,
1
2
by flipping the s-quark’s spin, i.e.
w (s |+,xi,pi ) → w (s |−,xi,pi ) with i = 1, 2, 3. Finally we can read out the polarization of Λ from spin density
matrix elements
PΛ(x,p) =
ρΛ++(x,p)− ρΛ−−(x,p)
ρΛ++(x,p) + ρ
Λ−−(x,p)
≈ 1
3
〈Ps(x1,p1) + Ps(x2,p2) + Ps(x3,p3)〉Λ , (2.25)
where the average 〈O(xi,pi)〉B with i = 1, 2, 3 are taken on the wave packet function of baryons
〈O(xi,pi)〉B ≡
1
pi6
∫
d3xbd
3xcd
3pbd
3pc O(xi,pi)
× exp
(
− p
2
b
a2B1
− p
2
c
a2B2
− a2B1x2b − a2B2x2c
)
. (2.26)
Note that the integral in the average is normalized to 1, i.e. 〈1〉 = 1.
III. SPIN POLARIZATION OF QUARKS
In the last section we have constructed an improved quark coalescence model in phase space. The model is based
on the spin density operator for quarks with spin dependent Wigner functions as weights, from which one can obtain
spin density matrix elements in phase space for mesons and baryons. Once spin polarization functions for quarks in
phase space (or equivalently spin Wigner functions) are known, one can calculate a vector meson’s spin alignment
and a hyperon’s polarization.
7There are different sources of spin polarization for massive fermions: vorticity fields, electromagnetic fields, and
mean fields of vector mesons. The first two sources, vorticity and electromagnetic fields, have been extensively studied
in quantum kinetic approach through Wigner functions [16, 17, 29–33]. The polarization effect by vector meson fields
was first proposed in Ref. [34] in the study of Λ polarization. It was generalized to the spin alignment of vector
mesons in Ref. [26]. For each kind of field, one can distinguish the electric and magnetic part. It is believed that the
contribution from electromagnetic fields is negligible [26, 34]. Therefore in the remainder of this paper we consider
vorticity and vector meson fields as main sources of spin polarization.
The spin polarization distribution in phase space for quarks (upper sign) and antiquarks (lower sign) is in the form
[23, 26]
Pµ±(x, p) =
1
2m
(
ω˜µνth ±
gV
EpT
F˜µνV
)
pν [1− fFD(Ep ∓ µ)] , (3.1)
where pµ = (Ep,±p) are on-shell momenta of quarks and antiquarks with Ep =
√
p2 +m2q, ω˜
µν
th =
1
2
µνσρωthσρ is the
dual of the thermal vorticity tensor defined by ωthσρ =
1
2 [∂σ(βuρ) − ∂ρ(βuσ)] with β ≡ 1/T being the temperature
inverse (note that there is a sign difference in the definition of ωthσρ from Ref. [15]), F˜
µν
V =
1
2
µνσρFVσρ is the dual of
the field strength tensor of vector mesons, and fFD is the Fermi-Dirac distribution. The electric and magnetic part
of vector meson fields as three-vectors are defined as EiV = E
V
i = F
i0
V and B
i
V = B
V
i = − 12ijkF jkV respectively with
i, j, k = x, y, z. In a similar way, one can define the three-vector of thermal vorticity as ωi = ωi = ω˜i0th which is the
magnetic part of the thermal vorticity tensor, while the electric part of the thermal vorticity tensor is εi = εi = ωi0th.
Written explicitly in three-vector forms, they are
ω =
1
2
∇× (βu),
ε = −1
2
[∂t(βu) +∇(βu0)]. (3.2)
We take xz plane as the reaction plane with one nucleus moving along +z direction at x = −b/2 while the other
nucleus moving along −z direction at x = b/2. The global OAM is along +y direction. Therefore we assume that the
spin quantization direction is +y, and that the Wigner functions in (2.11) are diagonalized in +y direction. Then the
polarization distribution for q and q¯ along +y direction can be written as [26]
P yq/q¯(x,p) =
1
2
ωy ± 1
2mq
(ε× p)y
± gV
2mqT
BVy +
gV
2mqEpT
(EV × p)y , (3.3)
where gV is the coupling constant of quarks and antiquarks to vector meson fields, and we have taken the Boltzmann
limit 1− fFD(Ep ∓ µ) ' 1. The last term of Eq. (3.3) is the spin-orbit term for quarks and antiquarks involving the
electric part of vector meson fields, the similar term is the key to the nuclear shell structure if applying to nucleons
in meson fields [35, 36]. For q = s and q¯ = s¯, the vector meson field should be the φ field, i.e. V = φ.
IV. GLOBAL AND LOCAL POLARIZATION OF Λ
In this section we look at the polarization of Λ (including Λ¯ if not stated explicitly) in Eq. (2.25) with the
polarization of s and s¯ given in Eq. (3.3). In this case the vector meson field is the φ field, i.e. V = φ. By choosing
+y as the spin quantization direction, the spin polarization of Λ and Λ¯ in phase space is now
P y
Λ/Λ¯
(x,p) ≈ 1
3
〈
P ys/s¯(x1,p1) + P
y
s/s¯(x2,p2) + P
y
s/s¯(x3,p3)
〉
Λ/Λ¯
≈ 1
6
〈ωy(x1) + ωy(x2) + ωy(x3)〉Λ/Λ¯
± 1
6ms
yˆ · 〈ε(x1)× p1 + ε(x2)× p2 + ε(x3)× p3〉Λ/Λ¯
± gφ
6msT
〈
Bφy (x1) +B
φ
y (x2) +B
φ
y (x3)
〉
Λ/Λ¯
+
gφ
6m2sT
yˆ · 〈Eφ(x1)× p1 +Eφ(x2)× p2 +Eφ(x3)× p3〉Λ/Λ¯ . (4.1)
8where we have taken non-relativistic limit Ep ≈ ms. We can take an average over a space volume at the formation
time of Λ. If all fields change slowly inside Λ, we can approximate O(xi) ≈ O(x) for i = 1, 2, 3. Then we obtain〈
P y
Λ/Λ¯
(x,p)
〉
≈ 1
2
〈ωy(x)〉 ± 1
6ms
[〈ε(x)〉 × p]y
± gφ
2ms
〈
βBφy (x)
〉
+
gφ
6m2s
[〈βEφ(x)〉 × p]y , (4.2)
where 〈·〉 represents the volume average at the formation time of Λ. Note that the spin-orbit term Eφ × p has the
same sign for Λ and Λ¯.
For static Λ with p = 0, the terms involving ε and Eφ are vanishing [26], but for non-static Λ with non-vanishing
momenta, they are generally present. However, for the global spin polarization in the direction of +y (direction of
the global OAM) with all Λ and Λ¯ in momentum spectra being included, these terms of ε and Eφ are vanishing. So
the global polarization for Λ and Λ¯ measured in STAR experiments [21, 22] comes mainly from ωy and Bφy . Note
that the Bφy term for Λ¯ has an opposite sign to Λ. This provides a possible explanation of the difference between
magnitudes of P yΛ and P
y
Λ¯
, similar to the scenario of Ref. [34]. The fact P y
Λ¯
> P yΛ shown in experimental data indicates
gφ
〈
βBφy (x)
〉
< 0.
Recent STARmeasurements [37] of the longitudinal spin polarization of Λ as functions show a positive sin (2φ− 2Ψ2)
behavior with φ and Ψ2 being the azimuthal angle of Λ and the second-order event plane respectively, while theoretical
results of relativistic hydrodynamics model [38] and transport models [39–41] show an opposite sign. The simulation
from chiral kinetic theory in Ref. [42] and results from a simple phenomenological model in Ref. [43] gives the correct
sign as the data. The sign problem in local polarization may indicate the assumption of global equilibrium of spin
may not be justified, so the thermal vorticity may not be the right quantity for the spin chemical potential [44]. The
azimuthal angle dependence of P y
Λ/Λ¯
has been measured by the STAR collaboration with the trend that P y
Λ/Λ¯
in the
reaction plane is larger than that out of the reaction plane. This phenomenon has not been well understood [44].
The spin-orbit term may provide an additional contribution to the polarization along the beam direction P z
Λ/Λ¯
in
heavy ion collisions [37]. To this end, we split the whole space into four parts corresponding to four quadrants of the
transverse plane which we denote as ++, −+, −− and +− respectively. Let us look at
〈
P z
Λ/Λ¯
〉
in the first and second
quadrant 〈
P zΛ/Λ¯(x,p)
〉
++
∼ gφ
2m2s
[〈
βExφ
〉
++
pT sin(φp)−
〈
βEyφ
〉
++
pT cos(φp)
]
,〈
P zΛ/Λ¯(x,p)
〉
−+
∼ gφ
2m2s
[〈
βExφ
〉
−+ pT sin(φp)−
〈
βEyφ
〉
−+
pT cos(φp)
]
. (4.3)
If 〈βEφ〉 is dominated by the x component in the first and second quadrant and if gφ
〈
βExφ
〉
++
= −gφ
〈
βExφ
〉
−+
> 0,
then we can obtain the patterns observed in experiments [37]:
〈
P y
Λ/Λ¯
(x,p)
〉
++
> 0 and
〈
P y
Λ/Λ¯
(x,p)
〉
−+
< 0.
Furthermore the spin-orbit term Eφ×p in P yΛ/Λ¯ may also provide a possible additional contribution to the azimuthal
angle dependence of the polarization along +y in heavy ion collisions [45], if there is a correlation between Eφ and p
in a certain region. In order to look at the relevant observable, we choose the region for taking average as x > 0, y > 0
corresponding to the first quadrant of the transverse plane in collisions, the average quantity is denoted as 〈βEφ〉++
which may not be vanishing (the average of βEφ over the full space should be vanishing). Then the azimuthal angle
part of P y
Λ/Λ¯
in the first quadrant of the transverse plane is〈
P y
Λ/Λ¯
(x,p)
〉
++
∼ gφ
2m2s
〈
βEzφ
〉
++
pT cos(φp), (4.4)
where φp is the azimuthal angle relative to that of the reaction plane, and pT ≡ |pT | is the scalar transverse momentum.
We see that the spin-orbit term may provide an additional contribution to the the azimuthal angle dependence of
P y
Λ/Λ¯
.
V. SPIN ALIGNMENTS OF φ AND K∗0
We now investigate spin alignments of vector mesons φ and K∗0. In the remainder of this paper, when we say K∗0
we imply to include K
∗0
if there is no ambiguity.
9Let us first look at the spin alignment of φ. Substituting Eq. (3.3) for q = s and q¯ = s¯ into Eq. (2.17) and taking
an average on a space volume, we obtain the spin density matrix element for φ mesons〈
ρφ00(x,p)
〉
≈ 1
3
− 4
9
〈P ys (x1,p1)P ys¯ (x2,p2)〉φ,Vol
≈ 1
3
− 1
9
〈
ω2y
〉
+
1
9m2s
〈
(ε× p1)y (ε× p2)y
〉
φ,Vol
+
g2φ
9m2s
〈(
βBφy
)2〉− g2φ
9m2s
〈
β2
Ep1Ep2
(Eφ × p1)y (Eφ × p2)y
〉
φ,Vol
, (5.1)
where the spin quantization direction is chosen as +y, 〈·〉 denotes the volume average at the formation time of
φ mesons, and we have put index ’Vol’ to distinguish the volume average from the average on the φ meson wave
function if both averages are taken. In deriving Eq. (5.1) we have made approximations: (a) The size of the vector
meson is much smaller than the hydrodynamic scale, so we put x1 ≈ x2 ≈ x for vorticity fields and the φ fields;
(b) We neglect correlation in the volume between different fields except between themselves [26], for example, no
correlation between Eφ and Bφ, between ε and Eφ, or between ω and Bφ, etc.. We also neglect correlation in the
volume between different components of the same field, for example, between Exφ and E
z
φ or between εz and εx, etc..
We now simplify terms involving ε and Eφ in (5.1). The ε term is evaluated as〈
(ε× p1)y (ε× p2)y
〉
φ,Vol
≈ 1
4
〈
ε2z
〉
p2x +
1
4
〈
ε2x
〉
p2z −
〈
ε2z
〉 〈
p2b,x
〉
φ
− 〈ε2x〉 〈p2b,z〉φ
=
1
4
〈
ε2z
〉
p2x +
1
4
〈
ε2x
〉
p2z −
1
3
(〈
ε2z
〉
+
〈
ε2x
〉) 〈
p2b
〉
φ
, (5.2)
and the Eφ term is evaluated as〈
β2
Ep1Ep2
(Eφ × p1)y (Eφ × p2)y
〉
φ,Vol
≈ 1
4
〈
β2E2φ,z
〉〈 1
Ep1Ep2
〉
φ
p2x +
1
4
〈
β2E2φ,x
〉〈 1
Ep1Ep2
〉
φ
p2z
− 〈β2E2φ,z〉
〈
p2b,x
Ep1Ep2
〉
φ
− 〈β2E2φ,x〉
〈
p2b,z
Ep1Ep2
〉
φ
, (5.3)
where we have used p1,2 = p/2 ± pb and dropped terms with mixture of different fields or different components of
the same field. Inserting (5.2) and (5.3) into (5.1) we obtain〈
ρφ00(x,p)
〉
≈ 1
3
− 1
9
〈
ω2y
〉− 1
27m2s
(〈
ε2z
〉
+
〈
ε2x
〉) 〈
p2b
〉
φ
+
g2φ
9m2s
〈(
βBφy
)2〉
+
g2φ
9m2s
〈β2E2φ,z〉
〈
p2b,x
Ep1Ep2
〉
φ
+
〈
β2E2φ,x
〉〈 p2b,z
Ep1Ep2
〉
φ

+ρp(ε
2
z)p
2
x + ρp(ε
2
x)p
2
z − ρp(φ,E2φ,z)p2x − ρp(φ,E2φ,x)p2z, (5.4)
where we have used following positive coefficients
ρp(ε
2
i ) =
1
36m2s
〈
ε2i
〉
,
ρp(φ,E
2
φ,i) =
g2φ
36m2s
〈
β2E2φ,i
〉〈 1
Ep1Ep2
〉
φ
, (5.5)
with i = x, y, z. For nearly static φ mesons with |p|  |pb| the terms proportional to p2x and p2z in (5.4) are very
small and can be neglected compared with the
〈
p2b
〉
φ
term, in this case we recover the result of Ref. [26] in relativistic
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limit with Ep1 ≈ Ep2 ≈ ms〈
ρφ00(x,p ≈ 0)
〉
≈ 1
3
− 1
9
〈
ω2y
〉− 1
27m2s
(〈
ε2z
〉
+
〈
ε2x
〉) 〈
p2b
〉
φ
+
g2φ
9m2s
〈(
βBφy
)2〉
+
g2φ
9m4s
[〈
β2E2φ,z
〉 〈
p2b,x
〉
φ
+
〈
β2E2φ,x
〉 〈
p2b,z
〉
φ
]
. (5.6)
In Eq. (5.4) and (5.6) there are averages of squares of relative momenta of two quarks on the wave function of φ
mesons and there are also space volume averages of field squares.
Equation (5.4) with (5.6) as its static limit is part of our main results in the paper. A few remarks are in order
about Eq. (5.4): (a) All contributions appear independently as positive or negative quantities. This is the main
feature of ρ00 for φ mesons. (b) The second term is from the vorticity vector (magnetic part of the vorticity tensor),
while the third term is from the electric part of the vorticity tensor. Both terms are negative definite. (c) The fourth
term is from the magnetic part of the φ field, while the fifth term is from the electric part of the φ field. Both terms
are positive definite. (d) The last line collects contributions proportional to momentum squares of the φ meson, where
the contribution from the electric part of the vorticity tensor is always positive while that from the electric part of
the φ field is always negative. (e) We have argued in Ref. [26] that the dominant contribution to ρφ00 may possibly be
from the electric part of the φ field which is positive definite.
Let us turn to the spin alignment of another vector meson K∗0. Different from the φ meson with flavor content
(ss¯), K∗0 has flavor (ds¯). Vector meson (ρ or ω) fields that can polarize light quarks are different from the φ field
which mainly polarize s and s¯. We will see that such a difference has significant consequences on ρK
∗
00 . Following the
same procedure and taking the same approximations as in deriving (5.1), we obtain the spin density matrix element
for K∗0, a counterpart of Eq. (5.4),〈
ρK
∗
00 (x,p)
〉
≈ 1
3
− 1
9
〈
ω2y
〉− 1
27msmd
(〈
ε2z
〉
+
〈
ε2x
〉) 〈
p2b
〉
K∗
+
gφgV
9msmd
〈
β2BφyB
V
y
〉
+
gφgV
9msmd
[〈
β2EφzE
V
z
〉〈 p2b,x
Edp1E
s¯
p2
〉
K∗
+
〈
β2EφxE
V
x
〉〈 p2b,z
Edp1E
s¯
p2
〉
K∗
]
+
ms
md
ρp(ε
2
z)p
2
x +
ms
md
ρp(ε
2
x)p
2
z
−ρp(K∗,EφzEVz )p2x − ρp(K∗,EφxEVx )p2z, (5.7)
where Bφi and E
φ
i with i = x, y, z are from the polarization of s¯, while B
V
i and EVi are vector meson fields (ρ or ω
mesons) that polarize the d-quark, and ρp(K∗,E
φ
i E
V
i ) are defined as
ρp(K
∗,Eφi E
V
i ) =
gφgV
36msmd
〈
β2Eφi E
V
i
〉〈 1
Edp1E
s¯
p2
〉
K∗
. (5.8)
In (5.7) we have shown terms of volume averages of different fields,
〈
β2BφyB
V
y
〉
and
〈
β2Eφi E
V
i
〉
, for the purpose
of illustration and comparison, since they should have been neglected in accordance with the approximation that
different fields do not have large correlation in space as compared with the correlation between the same fields. After
implementing this approximation, we obtain〈
ρK
∗
00 (x,p)
〉
≈ 1
3
− 1
9
〈
ω2y
〉− 1
27msmd
(〈
ε2z
〉
+
〈
ε2x
〉) 〈
p2b
〉
K∗
+
ms
md
[
ρp(ε
2
z)p
2
x + ρp(ε
2
x)p
2
z
]
. (5.9)
We can see that the slope of ρK
∗
00 with respect to p2T is positive. For nearly static K
∗0 mesons with |p|  |pb|, the
terms proportional to p2x and p2z in (5.4) are very small and can be neglected, then we have〈
ρK
∗
00 (x,p ≈ 0)
〉
≈ 1
3
− 1
9
〈
ω2y
〉− 1
27msmd
(〈
ε2z
〉
+
〈
ε2x
〉) 〈
p2b
〉
K∗ . (5.10)
We see in (5.9) and (5.10) the absence of the contribution from vector meson fields. Therefore the spin alignment of
K∗0 is dominated by the vorticity contribution which must be negative for nearly static K∗0. This is the significant
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Figure 3: An example for the effects of vector meson fields on the spin density matrices of φ and K∗0 mesons in their rest frame.
There is large correlation between vector meson fields acting on s and s¯ in the φ meson but almost no correlation between vector
meson fields acting on d and s¯ in K∗0. Due to the short distance nature of vector meson fields, the dominant contribution to
the fields at the position of a constituent quark of φ or K∗0 is from the quark of its nearest neighbor. The relative momentum
of the quark and antiquark inside the meson is shown as 2p (intead of 2pb in the text).
difference from the spin alignment of φ mesons which may possibly be dominated by φ fields whose contribution is
positive definite for nearly static φ mesons. Another feature of ρK
∗
00 in (5.9) and (5.10) is that the contribution from
the electric part of the vorticity tensor is amplified by a factor (ms/md)
(〈
p2b
〉
K∗ /
〈
p2b
〉
φ
)
compared with ρφ00. Note
that the ratio
〈
p2b
〉
K∗ /
〈
p2b
〉
φ
is about 1.4 ∼ 1.5 in the quark model. This may provide a sizable magnitude of the
negative contribution to ρK
∗
00 as shown in ALICE experiments [46].
We note that the above arguments are only valid for primary K∗0. The life time of K∗0 is much shorter and
the interaction of K∗0 with the surrounding matter is much stronger than the φ meson. This may bring other
contributions to ρK
∗
00 from the interaction of K∗0 with medium. A caveat is that the above arguments are based
on the approximation that different fields do not have large correlation in space as compared with the correlation
between the same fields. This seems to work for ρφ00 since there are squares of the same vector meson field. However
it is not the case for ρK
∗
00 that all terms of vector meson fields are mixture of differenct fields which are thought to be
equally small. In this case, in order to justify the approximation, we may need to evaluate these terms and compare
their magnitudes with the negative comtribution from vorticity tensor fields. This is beyond the scope of this paper
and will be studied in the future.
To summarize, in the picture of the coalescence model, we propose that a large positive contribution to the spin
matrix element ρφ00 should be from the φ field [26]. This is due to the correlation between the φ field that polarizes
the s-quark and that polarizes s¯, see Fig. 3 for illustration. However this is not the case for ρK
∗
00 : the φ field that
polarizes s¯ does not correlate much with vector meson fields (ρ or ω mesons) that polarize the d-quark, the former
is from other strange quarks not belonging to K∗0, while the latter come from other light quarks surrounding d, see
Fig. 3. Therefore ρK
∗
00 is dominated by the contribution from vorticity fields which is negative definite for static K∗0.
Such a negative contribution from vorticity fields in ρK
∗
00 is amplified relative to ρ
φ
00 by the mass ratio of strange to
light quark and by the ratio of
〈
p2b
〉
on K∗0’s to φ’s wave function.
VI. SOLVING VECTOR MESON FIELDS GENERATED BY SOURCES
In this section we solve the mean vector field which satisfies the Klein-Gordon equation [34]
∂µF
µν
V +m
2
V V
ν = gV J
ν , (6.1)
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where FµνV ≡ ∂µV ν − ∂νV µ is the field strength tensor, the source of the field Jµ is the current density associated
with a conserved quantum number, mV is the vector meson mass, and gV is the coupling constant. We can write
V µ and Jµ explicitly as V µ = (φ,A) and Jµ = (ρ, j). We can also define the electric and magnetic part of FµνV as
three-vectors as in Sect. III. If mV is very large compared with the derivative term, we can just neglect latter in Eq.
(6.1). In this case V µ can be approximately proportional to the current density [34], V µ ≈ (gV /m2V )Jµ, known as
the current-field identity [47, 48] in the vector dominance model [49, 50].
We can use the Green’s function method to solve the Klein-Gordon equation (6.1) as to solve Maxwell’s equations
in Ref. [51]. The only difference is the presence of the vector meson mass which brings a little more complexity. We
consider a point charge Q located at the original point at t = 0 moves with velocity v in +z direction. The charge
Q corresponds to a quantum number such as the baryon number for quarks or the strangeness number for s and s¯.
Finally we obtain the electric and magnetic parts of vector meson fields as
ExV (t,x) = gVQ
γv(1 +mV ∆)
4pi∆3
x e−mV ∆,
EyV (t,x) = gVQ
γv(1 +mV ∆)
4pi∆3
y e−mV ∆,
EzV (t,x) = gVQ
γv(1 +mV ∆)
4pi∆3
(z − vt) e−mV ∆,
BxV (t,x) = −gVQ
γv(1 +mV ∆)
4pi∆3
y e−mV ∆,
ByV (t,x) = gVQ
γv(1 +mV ∆)
4pi∆3
x e−mV ∆,
BzV (t,x) = 0, (6.2)
where ∆ =
√
x2 + y2 + γ2(vt− z)2 with γ = 1/√1− v2 being the Lorentz contraction factor. We see that an
exponential decay factor e−mV ∆ appears in vector meson fields produced by a point charge, which reflects the finite
distance nature of vector meson fields. Such a factor is absent in electromagnetic fields produced by electric charges
[51, 52]. The detailed derivation of (6.2) is given in Appendix D.
If we can determine the strangeness current, we can apply Eq. (6.2) to obtain the φ field with Q being the
strangeness number. Due to the short distance nature of the vector meson field, the φ field that can polarize the
constituent s-quark in a φ meson is dominated by the field produced by its constituent partner s¯ in the same φ meson
which is in its nearest neighborhood in space, and vice versa.
VII. SUMMARY
We have constructed an improved quark coalecence model based on the spin density matrix in phase space with
coordinate dependence. The spin density matrices for mesons and ground state baryons depend on spin Wigner
functions of quark systems. The quark spin polarization functions in phase space are encoded in spin Wigner functions.
The spin polarization of baryons can be obtained from spin density matrices for hadrons. As an example we obtain
the spin polarization of Λ which is determined by that of strange quarks. The spin polarization of quarks comes
mainly from vorticity tensor fields and vector meson fields. We discussed a possible role that the electric part of the
vector meson field may play in understanding experimental observations in local polarization of Λ. Most importantly
we propose an understanding of spin alignments of vector mesons φ and K∗0 (including K
∗0
) in the static limit: a
large positive deviation of ρ00 for φ mesons from 1/3 may come from the electric part of the vector φ field, while a
large magnitude of negative deviation of ρ00 for K∗0 may come from the electric part of vorticity tensor fields. Such a
large negative contribution to ρ00 for K∗0, in contrast to the same contribution to that for φ which is less important,
may be due to a large mass ratio of strange quarks to light quarks. These results should be tested by a detailed and
comprehensive simulation of vorticity tensor fields and vector meson fields in heavy ion collisions.
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Appendix A: Single particle state in coordinate and momentum space
In this appendix, we give definition and convention for single particle states in coordinate and momentum repre-
sentation in non-relativistic quantum mechanics.
A position eigenstate is denoted as |x〉 and satisfies following orthogonality and completeness conditions
〈x′|x〉 = δ(3)(x′ − x),
1 =
∫
d3x |x〉 〈x| . (A1)
The normalization of the state |x〉 is then
〈x|x〉 = δ(3)(x− x) =
∫
[d3p] =
1
Ω
∑
p
, (A2)
where Ω is the space volume and [d3p] ≡ d3p/(2pi)3.
A momentum eigenstate is denoted as |p〉 and satisfies following orthogonality and completeness conditions
〈p′|p〉 = (2pi)3δ(3)(p− p′),
1 =
∫
[d3p] |p〉 〈p| . (A3)
The normalization of |p〉 is then
〈p|p〉 = (2pi)3δ(3)(p− p) = Ω. (A4)
From Eq. (A1) and (A3) we can define the inner product 〈x|p〉 as
〈x|p〉 = eip·x. (A5)
With the above relation we can check
δ(3)(x− x′) = 〈x′|x〉 =
∫
[d3p] 〈x′|p〉 〈p|x〉
=
∫
[d3p]eip·(x
′−x), (A6)
where we have inserted the completeness relation (A3). We can express |x〉 in terms of |p〉 and vice versa,
|x〉 =
∫
[d3p] |p〉 〈p|x〉 =
∫
[d3p]e−ip·x |p〉 ,
|p〉 =
∫
d3x |x〉 〈x|p〉 =
∫
d3xeip·x |x〉 . (A7)
Appendix B: Derivation of density matrix elements for mesons
In this Appendix, we evaluate (2.12), the spin density matrix element on two meson states,
ρMSz1,Sz2(x,p) =
∫
[d3q]eiq·x
∫
d3x1d
3x2
∫
[d3p1][d
3p2][d
3q1][d
3q2]
×e−iq1·x1e−iq2·x2
×
〈
M;p+
q
2
∣∣∣p1 + q1
2
,p2 +
q2
2
〉〈
p1 − q1
2
,p2 − q2
2
∣∣∣ M;p− q
2
〉
×
∑
s1,s2
w(q1|s1,x1,p1)w(q¯2|s2,x2,p2)
×〈S, Sz1 | s1, s2〉 〈s1, s2 | S, Sz2〉 , (B1)
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where 〈S, Sz1 | s1, s2〉 denotes the Clebsch-Gordan coefficient for spin states,
∑
q1,q¯2
|〈q1, q¯2 | M〉|2 = 1 with |M〉 being
the flavor part of the meson’s wave function, 〈q1, q¯2 | M〉 denotes the Clebsch-Gordan coefficient for the flavor state
(here we have used the fact that the flavor part is decoupled from its spin part in a meson’s wave function), and the
amplitudes between the meson’s and quark-antiquark’s momentum states are
(M|q, q¯) =
〈
M;p+
q
2
∣∣∣p1 + q1
2
,p2 +
q2
2
〉
= (2pi)3δ(3)
(
p1 + p2 − p+ q1 + q2 − q
2
)
×ϕ∗M
(
p1 − p2
2
+
q1 − q2
4
)
,
(q, q¯|M) =
〈
p1 − q1
2
,p2 − q2
2
∣∣∣ M;p− q
2
〉
= (2pi)3δ(3)
(
p1 + p2 − p− q1 + q2 − q
2
)
×ϕM
(
p1 − p2
2
− q1 − q2
4
)
, (B2)
where the meson wave function in relative momentum of two quarks is normalized as
∫
[d3k] |ϕM(k)|2 = 1 with ϕM(k)
being related to the wave function in relative position, ϕM(k) =
∫
d3ye−ik·yϕM(y). Here we have used the same
symbol ϕM to denote the meson wave function in coordinate and momentum without ambiguity.
Equation (B1) can be simplified as
ρMSz1,Sz2(x,p) =
∫
d3xad
3xb
∫
[d3pb][d
3qa][d
3qb]
× exp (−iqb · xb) exp [−iqa · (xa − x)]
×ϕ∗M
(
pb +
qb
2
)
ϕM
(
pb − qb
2
)
×
∑
s1,s2
w
(
q1
∣∣∣s1,xa + xb
2
,
p
2
+ pb
)
w
(
q¯2
∣∣∣s2,xa − xb
2
,
p
2
− pb
)
×〈S, Sz1 | s1, s2〉 〈s1, s2 | S, Sz2〉 , (B3)
where we have used
pa = p1 + p2,
pb =
1
2
(p1 − p2),
qa = q1 + q2,
qb =
1
2
(q1 − q2),
xa =
1
2
(x1 + x2),
xb = x1 − x2. (B4)
Note that qa and qb are conjugate momenta of xa and xb respectively. Completing integrals in (B3) over qa and xa,
we obtain Eq. (2.13).
Using the Gaussian form of the meson wave function in Eq. (2.14), we can further simplify Eq. (2.13) to obtain
the most simple form in Eq. (2.15) for the spin matrix elements. Applying Eq. (2.15) to the vector meson φ with
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S = 1 and Sz = −1, 0, 1, we obtain diagonal elements of the spin density matrix for φ,
ρφ00(x,p) =
1
2pi3
∫
d3xbd
3pb exp
(
−p
2
b
a2φ
− a2φx2b
)
×
[
w
(
s
∣∣∣+,x+ xb
2
,
p
2
+ pb
)
w
(
s¯
∣∣∣−,x− xb
2
,
p
2
− pb
)
+w
(
s
∣∣∣−,x+ xb
2
,
p
2
+ pb
)
w
(
s¯
∣∣∣+,x− xb
2
,
p
2
− pb
)]
,
ρφ11(x,p) =
1
pi3
∫
d3xbd
3pb exp
(
−p
2
b
a2φ
− a2φx2b
)
×w
(
s
∣∣∣+,x+ xb
2
,
p
2
+ pb
)
w
(
s¯
∣∣∣+,x− xb
2
,
p
2
− pb
)
,
ρφ−1,−1(x,p) =
1
pi3
∫
d3xbd
3pb exp
(
−p
2
b
a2φ
− a2φx2b
)
×w
(
s
∣∣∣−,x+ xb
2
,
p
2
+ pb
)
w
(
s¯
∣∣∣−,x− xb
2
,
p
2
− pb
)
. (B5)
Appendix C: Derivation of density matrix elements for baryons
In this appendix we will evaluate Eq. (2.22) for ground state baryons to give Eq. (2.23). The spatial or momentum
parts of wave functions for these baryons are independent of spin-flavor parts. Inserting (2.21) into (2.22) we obtain
ρBSz1,Sz2(x,p) =
∫
[d3q]eiq·x
∫ 3∏
i=1
d3xi
3∏
i=1
[d3pi]
3∏
i=1
[d3qi]
× exp [−i (q1 · x1 + q2 · x2 + q3 · x3)]
×
〈
B;p+
q
2
∣∣∣p1 + q1
2
,p2 +
q2
2
,p3 +
q3
2
〉
×
〈
p1 − q1
2
,p2 − q2
2
,p3 − q3
2
∣∣∣ B;p− q
2
〉
×
∑
s1,s2,s3
∑
q1,q2,q3
3∏
i=1
w(qi|si,xi,pi)
×〈B;S, Sz1 |q1, q2, q3; s1, s2, s3〉
× 〈q1, q2, q3; s1, s2, s3| B;S, Sz2〉 . (C1)
The amplitudes between momentum states of the baryon and three quarks are given by
(q, q, q|B) =
〈
q;p1 − q1
2
,p2 − q2
2
,p3 − q3
2
∣∣∣ B;p− q
2
〉
= (2pi)3δ(3)
(
pa − p− qa − q
2
)
ϕB
(
pb − qb
2
,pc − qc
2
)
,
(B|q, q, q) =
〈
B;p+
q
2
∣∣∣ q;p1 + q1
2
,p2 +
q2
2
,p3 +
q3
2
〉
= (2pi)3δ(3)
(
pa − p+ qa − q
2
)
ϕ∗B
(
pb +
qb
2
,pc +
qc
2
)
, (C2)
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where ϕB(kb,kc) is wave function of the baryon in the momentum representation to defined in (C5) and (C7), and
we have used momenta in Jacobi form
pa = p1 + p2 + p3,
pb =
1
3
(p1 + p2 − 2p3),
pc =
1
2
(p1 − p2),
qa = q1 + q2 + q3,
qb =
1
3
(q1 + q2 − 2q3),
qc =
1
2
(q1 − q2). (C3)
To obtain the amplitudes (C2), we have inserted the completeness relation∫ 3∏
i=1
d3xi |xi〉 〈xi| = 1, (C4)
between the baryon and three-quarks state. We have also used
〈x1,x2,x3 |B;p 〉 = exp (ip · xa)ϕB(xb,xc), (C5)
where ϕB(xb,xc) is the spatial wave function of the baryon depending on relative distance xb and xc of Jacobi
coordinates defined as
xa =
1
3
(x1 + x2 + x3),
xb =
1
2
(x1 + x2)− x3,
xc = x1 − x2. (C6)
The momentum state ϕB(kb,kc) in (C2) can be obtained from ϕB(xb,xc) by Fourier transformation
ϕB(kb,kc) =
∫
d3xbd
3xc exp (−ikb · xb − ikc · xc)ϕB(xb,xc), (C7)
where kb and kc are conjugate momenta to xb and xc respectively. Note that we have used for simplicty of notation the
same symbol ϕB for the wave function in both coordinate and momentum representation. We assume normalization
conditions for ϕB(xb,xc) and ϕB(kb,kc) as ∫
d3xbd
3xc |ϕB(xb,xc)|2 = 1,∫
[d3kb][d
3kc] |ϕB(kb,kc)|2 = 1. (C8)
17
We insert (C2) into (C1) and complete integrals over q, xa and pa, then we obtain
ρBSz1,Sz2(x,p) =
∫ ∏
i=b,c
d3xi
∏
i=b,c
[d3pi]
∏
i=b,c
[d3qi]
× exp [−i (qb · xb + qc · xc)]
×ϕB
(
pb − qb
2
,pc − qc
2
)
ϕ∗B
(
pb +
qb
2
,pc +
qc
2
)
×
∑
s1,s2,s3
∑
q1,q2,q3
×w
(
q1
∣∣∣∣s1,x+ 13xb + 12xc, 13p+ 12pb + pc
)
×w
(
q2
∣∣∣∣s2,x+ 13xb − 12xc, 13p+ 12pb − pc
)
×w
(
q3
∣∣∣∣s3,x− 23xb, 13p− pb
)
×〈B;S, Sz1 |q1, q2, q3; s1, s2, s3〉
× 〈q1, q2, q3; s1, s2, s3| B;S, Sz2〉 . (C9)
The above equation is another main result in this paper. Now we assume that the baryon’s momentum wave function
has the Gaussian form [27, 28]
ϕB (kb,kc) =
∫
d3xbd
3xc exp (−ikb · xb − ikc · xc)ϕB(xb,xc)
= (2
√
pi)3
(
1
aB1aB2
)3/2
exp
(
− k
2
b
2a2B1
− k
2
c
2a2B2
)
, (C10)
where aB1 and aB2 are two width parameters in the Gaussian wave function of the baryon. One can verify the
normalization condition (C8) holds for the above form of ϕB(kb,kc). Substituting (C10) into (C9), we can complete
integrals over qb and qc to arrive at Eq. (2.23).
Appendix D: Solving Klein-Gordon equation for vector meson fields
In this appendix, we will solve the Klein-Gordon equation (6.1) for vector meson fields using the Green’s function
method [51].
In terms of V µ = (φ,A) and Jµ = (ρ, j), the Klein-Gordon equation (6.1) can be put in a three-vector form
∂2φ− ∂t (∂tφ+∇ ·A) +m2φ = gρ,
∂2A+∇ (∂tφ+∇ ·A) +m2A = gj. (D1)
For simple notations, in this appendix we suppress the index ’V’ of following quantities: m ≡ mV , g ≡ gV , E ≡ EV ,
and B = BV . The electric and magnetic vector meson fields are given by
E = −∂tA−∇φ,
B = ∇×A. (D2)
From the equations for φ and A we derive the following equation for E and B,
(∂2 +m2)E = −g (∂tj+∇ρ) ,
(∂2 +m2)B = g∇× j. (D3)
We can solve Eq. (D3) by taking Fourier transformation
f˜(ω,k) =
∫
dtd3x exp(iωt− ik · x)f(t,x),
f(t,x) =
∫
d4k
(2pi)4
exp(−iωt+ ik · x)f˜(ω,k), (D4)
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where f can be E, B, ρ, and j. Then in momentum representation Eq. (D3) becomes
(−ω2 + k2 +m2)E(ω,k) = igωj(ω,k)− igkρ(ω,k),
(−ω2 + k2 +m2)B(ω,k) = igk× j(ω,k), (D5)
where we have suppressed tildes on all variables in momentum representation for simple notations. The solutions have
the form
E(ω,k) = −ig ωj(ω,k)− kρ(ω,k)
ω2 − k2 −m2 ,
B(ω,k) = −ig k× j(ω,k)
ω2 − k2 −m2 . (D6)
The solutions in space-time can be obtained from their momentum forms by Fourier transformation
E(t,x) = g∂t
∫
dωd3k
(2pi)4
exp(−iωt+ ik · x) j(ω,k)
ω2 − k2 −m2
+g∇
∫
dωd3k
(2pi)4
exp(−iωt+ ik · x) ρ(ω,k)
ω2 − k2 −m2 ,
B(t,x) = −g∇×
∫
dωd3k
(2pi)4
exp(−iωt+ ik · x) j(ω,k)
ω2 − k2 −m2 . (D7)
We consider a point charge located at the original point at t = 0 and moves with velocity v in +z direction. Then
the charge and current density are in the forms in space-time and momentum,
ρ(t,x) = Qδ(x)δ(y)δ(z − vt),
j(t,x) = Qvezδ(x)δ(y)δ(z − vt),
ρ(ω,k) = 2piQδ(ω − kzv),
j(ω,k) = 2piQvezδ(ω − kzv) = vezρ(ω,k). (D8)
We evaluate the integral of ρ(ω,k) in (D7)
I1 =
∫
dωd3k
(2pi)4
exp(−iωt+ ik · x) ρ(ω,k)
ω2 − k2 −m2
= −Q
∫
d3k
(2pi)3
exp [−ikz(vt− z) + ikT · xT ] 1
k2z/γ
2 + k2T +m
2
= −Q
∫
dkT dθdkz
(2pi)3
exp [−ikz(vt− z) + ikTxT cos θ] kT
k2z/γ
2 + k2T +m
2
, (D9)
where γ = 1/
√
1− v2, kT ≡ |kT |, xT ≡ |xT |, kz ≡ kz, and we have used cylindrical coordinates in the last step. We
then use the formula for the Bessel function, 2piJ0(x) =
∫ 2pi
0
dθ exp(i x cos θ), and complete the kz integral by contour
integral around the poles at kz = ±iγ
√
k2T +m
2, where ± depends on the sign of vt− z. The result is
I1 = − Q
(2pi)2
∫
dkT dkz exp [−ikz(vt− z)]
× γ
2kTJ0(kTxT )(
kz + iγ
√
k2T +m
2
)(
kz − iγ
√
k2T +m
2
)
=

−Qγ4pi
∫
dkT exp
[
−γ(vt− z)√k2T +m2] kT J0(kT xT )√k2T+m2 , vt− z > 0
−Qγ4pi
∫
dkT exp
[
γ(vt− z)√k2T +m2] kT J0(kT xT )√k2T+m2 , vt− z < 0 (D10)
The integral over kT can also be worked out by the formula∫ ∞
0
dx e−a
√
x2+m2 xJ0(bx)√
x2 +m2
= m
∫ ∞
1
dy e−amyJ0
(
bm
√
y2 − 1
)
=
1√
a2 + b2
exp
(
−m
√
a2 + b2
)
. (D11)
19
Finally we obtain
I1 = − Qγ
4pi∆
e−m∆, (D12)
with ∆ =
√
x2 + y2 + γ2(vt− z)2. In the same way we can also obtain
I2 =
∫
dωd3k
(2pi)4
exp(−iωt+ ik · x) j(ω,k)
ω2 − k2 −m2
= −vez Qγ
4pi∆
e−m∆. (D13)
Inserting Eq. (D12) and (D13) into (D7), we obtain Eq. (6.2).
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